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The theory of wavefront analysis of a noncircular wavefront is given and applied for a systematic compar-
ison of the use of annular and Zernike circle polynomials for the analysis of an annular wavefront. It is
shown that, unlike the annular coefficients, the circle coefficients generally change as the number of poly-
nomials used in the expansion changes. Although the wavefront fit with a certain number of circle poly-
nomials is identically the same as that with the corresponding annular polynomials, the piston circle
coefficient does not represent the mean value of the aberration function, and the sum of the squares of
the other coefficients does not yield its variance. The interferometer setting errors of tip, tilt, and defocus
from a four-circle-polynomial expansion are the same as those from the annular-polynomial expansion.
However, if these errors are obtained from, say, an 11-circle-polynomial expansion, and are removed from
the aberration function, wrong polishing will result by zeroing out the residual aberration function. If the
common practice of defining the center of an interferogram and drawing a circle around it is followed, then
the circle coefficients of a noncircular interferogram do not yield a correct representation of the aberration
function. Moreover, in this case, some of the higher-order coefficients of aberrations that are nonexistent in
the aberration function are also nonzero. Finally, the circle coefficients, however obtained, do not represent
coefficients of the balanced aberrations for an annular pupil. The various results are illustrated analyti-
cally and numerically by considering an annular Seidel aberration function. © 2010 Optical Society of

America
OCIS codes:

1. Introduction

The orthonormal polynomials for an annular pupil
uniquely represent balanced classical aberrations
[1,2], just as the Zernike circle polynomials (here-
after known simply as circle polynomials) do for a cir-
cular pupil [1-3]. Some authors have compared the
use of annular polynomials with that of the circle
polynomials for annular wavefronts by considering
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numerical examples [4-7]. However, none has con-
sidered a systematic analysis of such a comparison.

Because the circle polynomials form a complete
set, any wavefront, regardless of the shape of the pu-
pil (which defines the perimeter of the wavefront),
can be expanded in terms of them. Moreover, since
each orthonormal noncircular polynomial is a linear
combination of the circle polynomials, the wavefront
fitting with the former set of polynomials is as good
as that with the latter [8,9]. However, we illustrate
the pitfalls of using circle polynomials for a noncircu-
lar pupil by considering an aberrated annular pupil.
Also included is the case where the circle coefficients

20 November 2010 / Vol. 49, No. 33 / APPLIED OPTICS 6489



are calculated by assuming the circle polynomials to
be orthogonal over an annulus. This follows the com-
mon practice of defining a center of an interferogram,
drawing a unit circle around it, and determining the
circle coefficients in the same manner as for a circu-
lar interferogram. The results are applied to an an-
nular pupil aberrated by a Seidel aberration function
and the annular and circle coefficients are compared.
We show that not only the circle coefficients in this
case yield an incorrect representation of the aberra-
tion function, but the coefficients of some of the non-
existent polynomial terms are nonzero as well.

2. Relationship Between the Orthonormal and the
Corresponding Zernike Coefficients

Consider an aberration function W(x,y) across a
noncircular pupil. Let us fit this function with o/
orthonormal polynomials F;(x,y) in the form

<

W(x,y) = aF(x.y), (1)

J=1

where W(x,y) is the best-fit estimate of the function
with o/ polynomials and a; is the coefficient of the
polynomial F(x,y). The orthonormality of the poly-
nomials across the noncircular pupil is represented

by

1
3 [ BerReaady =g @
pupil

where §;; is a Kronecker delta. The orthonormal coef-
ficients are given by

w3 [ WeyFaysd. @)

pupil

It is evident that their value does not depend on the
number of polynomials JJ used in the expansion.

Letting F;(x,y) = 1, it is easy to see from Eq. (2)
that the mean value of a polynomial F.;(x,y) across
the pupil is zero. Hence, the mean value and the var-
iance of the estimated aberration function are given
by

(W) = ay, (4)

o2 = (W(x,y)) - (W(x,))? (5)

J
= Zan7 (6)

where oy is its standard deviation. The number of
polynomials J used in the expansion to estimate
the aberration function is increased until o}, ap-
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proaches its true value within a certain prespecified
tolerance.

Because the circle polynomials Z;(x,y) form a com-
plete set, each orthonormal noncircular polynomial
can be written as a linear sum of them in the follow-
ing forms:

{F;} = M{Z;}, (8)

where Mj; are the elements of the lower triangular
conversion matrix M. The estimated aberration func-
tion can accordingly be expanded in terms of the
circle polynomials in the form

J
Wx,y) = > bZ(x,y), (9)

J=1

where l;j is the Zernike coefficient of a polynomial
Zj(x,y). The circle polynomials are orthonormal in
Cartesian coordinates across a unit circle according
to

1
. | Zenzendd -5, (o)

2?2 +y%<1

or in polar coordinates (with x =pcosé and

y = psin@):
1 1 2rx
2| [20.02:0.0080a0 55 (1ob)
00
Substituting Eq. (7) into Eq. (1), we obtain
. J J J J
W(x,y) = Zaj ZMjiZi(xay) = ZzaiMijzj(xay)'
=1 = i=1 i
(11)
Comparing Egs. (9) and (11), we obtain
R J
b= a;My. (12)

Evidently, the value of a coefficient b ; depends on the
number of polynomials J used in the expansion.
Equation (12) can be written in a matrix form as
b=MTa, (13)
where a and b are the column vectors representing the

orthonormal and the Zernike coefficients, respec-
tively, and MT is the transpose of the conversion



matrix M. Thus, the matrix that is used to obtain the
orthonormal polynomials from the circle polynomials
is also used to obtain the Zernike coefficients from the
orthonormal coefficients. The transpose of a matrix is
obtained by interchanging its rows and columns. Be-
cause M is a lower triangular matrix, M” is an upper
triangular matrix. Multiplying both sides of Eq. (13)
by the inverse (MT)~! of MT, we obtain

a=(MT")h. (14)
Accordingly, if the Zernike coefficients are known, the
orthonormal coefficients can be obtained from them.
It should be evident from Eq. (12) or Eq. (13) that a
Zernike coefficient is a linear combination of the
orthonormal coefficients, just as an orthonormal
polynomial is a linear combination of the circle
polynomials.

If the orthonormal coefficients are not known, the
Zernike coefficients b; can be obtained by a least-
squares fit. Suppose the aberration values are known
over a certain domain by way of interferometry at N
data points. Equation (9) can be written in matrix
form

S = zb, (15)
where § is an array of N elements representing the
values of the aberration function W(x,y), and Z is an
N x J matrix representing each of the o/ polynomials
over the N data points. Solving Eq. (15), for example,
with a standard singular-value decomposition algo-
rithm yields

(16)

where Z7! is a generalized inverse of the Z matrix. Of
course, this procedure can also be used to determine
the orthonormal coefficients by replacing the circle
polynomials with the orthonormal polynomials.
Except for any numerical error because of the finite
number N of the data points, the b coefficients given
by Eq. (16) are the same as those given by Eq. (13).

If the practice of drawing a unit circle around an
interferogram and determining the Zernike coeffi-
cients for a circular pupil is extended to a noncircular
wavefront, the coefficients thus obtained will be
given by

bi-3 [ WenZeaddy. (1)

pupil

The circle polynomials in Eq. (17) are implicitly as-
sumed to be orthonormal over the noncircular pupil.
The value of a circle coefficient b; does not depend on
the number of polynomials used in the expansion.
Substituting Eq. (1) for the estimated aberration
function W(x,y) in terms of the orthonormal polyno-
mials, we obtain

(18)
or in a matrix form
b= C%a, (19)

where C%F is a matrix representing the inner
products (Z;|F;) of the Zernike polynomials with
the orthonormal polynomials over the domain of
the noncircular wavefront. As illustrated in Section
7, by considering a Seidel aberration function, the
Zernike coefficients b; thus obtained are incorrect in
the sense that they do not yield a least-squares fit of
the aberration function W(x,y), unlike the coeffi-
cients b;. This, of course, is due to the incorrect
assumption of orthonormality of the circle polyno-
mials over the noncircular pupil.

To relate the b and the b coefficients, we equate the
right-hand sides of Eqgs. (1) and (9), multiply both

sides by Z;, and integrate over the domain of the non-
circular pupil. Thus,
J J
D biZi(xy) =Y aFjx,y) (20)
j=1 j=1
J J
ij<Zj’|Zj> = Zaj<Zf|Fj>7 (21)
j=1 j=1
C%p = C%q=b, (22)

where we have utilized Eq. (19). From Egs. (13) and
(22), it is evident that

CZF = M, (23)
Typical elements of the matrices C%4 and C%F are
given by
1
o=y [ ZEnGendd,  (24)
pupil
1
dy =y [ ZaoFeddy. (25

pupil

It is evident from Eq. (24) that c;; = cj;.

3. Orthonormal Annular Polynomials

Consider a system with a unit annular pupil with an
obscuration ratio. Thus the inner and outer radii of
the pupil are € and unity. The polynomials A;(p, ; €)
that are orthonormal across it and represent ba-
lanced aberrations for it can be obtained from the
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circle polynomials by the Gram—Schmidt orthogona-
lization process [1,2]. Like a circle polynomial, an an-
nular polynomial is also separable in its dependence
on the radial coordinate p and the azimuthal angle 6.
The dependence on the obscuration ratio € is con-
tained only in the radial portion of the polynomial.
The polynomials are given by

Aevenj p,0; € \/ I’L +1 m p, COS mo, m =0,
(26a)

Acadi(p,0;€) = \/2(n + 1)Ry(p; €) sinmb, m %0,
(26b)
Aj(p,0;¢) = Vn+ 1R} (p;e), m =0,  (26¢c)

where e < p <1,0<60< 2z, n and m are positive inte-
gers, and n —m > 0 and positive. Except for the nor-
malization constant, an annular polynomial with
n = m has the same form as that for a corresponding
circle polynomial. The index j is a polynomial order-
ing number in the same manner as it is for the circle
polynomials. Thus, the polynomials are ordered such
that an even j corresponds to a symmetric polynomial
varying as cos mf, while an odd j corresponds to an
antisymmetric polynomial varying as sin m6. A poly-
nomial with a lower value of n is ordered first, and for
a given value of n, a polynomial with a lower value of
m is ordered first. The annular polynomials are
orthonormal across the annular pupil according to

J

= ZajAJ(paea €)7

J=1

W(p,0;¢) (29)

where the orthonormal annular expansion coeffi-
cients are given by

1
=it / { W(p,0;€)A;(p, 0; )pdpdo.  (30)

The mean value and the variance of the estimated
function are accordingly given by Eqgs. (4) and (6).
Table 1 lists the first 11 annular polynomials along
with the names associated with some of them. They
are given in terms of the circle polynomials in
Table 2. The nonzero elements of an 11 x 11 conver-
sion matrix, as obtained from Table 2, are listed in
Table 3. The transpose matrix MT can be obtained
easily by interchanging the rows and columns of M.
The nonzero elements of the 11 x 11 matrices C%?
and C?F obtained from Eqs. (24) and (25) by integrat-
ing over an annular pupil and replacing F; (x,y) by
Aj(p,0;€) are given in Tables 4 and 5, respectively.

4. Annular and Zernike Circle Coefficients of an
Annular Wavefront

Given a certain annular aberration function, its an-
nular coefficients can be determined from Eq. (30). If
it is expanded in terms of only the first four circle
polynomials, i.e., if J = 4, then the expansion b coef-
ficients according to Eq. (13) are given by

by 1 0 0 -V3e2(1-€e2)1 )\ [y a; —V3e2(1 ( ) lay
by | _ [0 (1+e) 1/2 0 as | _ (1+€*)2a, (31)
by 0 0 (14 €2)71/2 as (1 +€2)‘1/2a3
b4 0 0 0 (1 —CZ)_l Qy (1—€2)_1a4
) 1 2z by = a1 - V3e2(1 - €2)lay, (32a)
ise | [Aeon o=, @)
€ 0 ~
by = (1+ €2)Y2q, (32b)
As € - 0, an annular polynomial reduces to a corre-
sponding circle polynomial and Eq. (27) reduces to . 12
Eq. (10b). bg = (1+€*)™2ag (32c)
The annular polynomials can be written in terms
of the circle polynomials according to R
by = (1-€)lay. (32d)

{Aj} = M{Z;}, (28)

where M is the conversion matrix. An annular aber-
ration function W(p,0;€) can be estimated by o/
orthonormal polynomials according to
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These coefficients represent the Zernike piston, tip,
tilt, and defocus coefficients, respectively.

To see how these coefficients change as more
polynomials are used in the expansion, we con-
sider an expansion using 11 circle polynomials.



Table 1. Orthonormal Annular Polynomials A;(p,0;¢) for an Obscuration Ratio ¢

J n m Aj(p,0;€) Aberration Name
1 0 0 Piston
2 1 1 2[p/(1 4 €2)/2] cos 6 x tilt
3 1 1 2[p/(1 4 €2)'/?]sin g y tilt
4 2 0 V3(202-1-¢€2)/(1-€2) Defocus
5 2 2 V6[p?/(1+ € + €*)Y/?] sin 20 45° Primary astigmatism
6 2 2 V6[p? /(1 + € 4 €*)1/?] cos 20 0° Primary astigmatism
7 3 1 V8 &S;&z J)r”;')?l(iji::))]/’” sin@ Primary y coma
3 1 V8 <1f$)+[(€12>+’f ;)(Zl(if:ifjg]”” cos Primary x coma
3 3 VB[p?/(1+ € + € +€5)1/2] sin 30
10 3 3 V8[p3 /(1 + €% + e + €5)/?] cos 360
11 4 0 VB[6p* —6(1 + €2)p? + 1+ 4€? + €*]/(1 - €2)? Primary spherical aberration

The coefficients are now given by

by =a; -3e2(1-€?)'ay + VBe2(1 + €2)(1- €?)2ay,,

(33a)
by = (14 €2)1/2a, - (2 V2et /B) as, (33Db)
by = (1+ €2)12q, - <2 V2t /B) az, (33¢)

by=(1-€2)lay—V15e2(1 - €?)2ay;,  (33d)
bs = (14 €%+ €*)"12qy, (33e)

be = (14 € + €*)"1/2q4, (33f)

by = [(1+ €?)/Blas, (33g)

bs = [(1+ €2)/Blas, (33h)

by = (14 € + €* + €8)"1/2q,, (33i)

big = (1+ € + et + €8)12ay, (33))

by = (1-€*)ayy, (33k)

where

B=(1-€)[(1+e2)(1+4€ + €*)]2. (34)

It is evident that all of the first four coefficients
change, and b; = Mj;a; for 5 <j < 11. The Zernike as-
tigmatism coefficients b5 and bg are smaller than the
corresponding annular coefficients a5 and ag by a fac-
tor of (1 + €2 + €*)1/2. However, the Zernike spherical
aberration coefficient b;; is larger than the corre-
sponding annular coefficient a;; by a factor of
(1-¢€%)~2. For example, when € = 0.5, the astigma-
tism coefficients are smaller by a factor of 1.1456
and the spherical aberration coefficient is larger by
a factor of 1.7778.

It should be evident that, because of the orthogon-
ality of the trigonometric functions, there is correla-
tion between an annular and a circle polynomial
only if they have the same azimuthal dependence.
As a consequence, the piston coefficient b, for exam-
ple, is alinear combination of the piston coefficient a4,
defocus coefficient a,, and various orders of spherical
aberration. Similarly, the tilt coefficient b, is a linear
combination of the tilt coefficient a, and various or-
ders of coma, or astigmatism coefficient b5 is a linear
combination of various orders of astigmatism. Accord-
ingly, the astigmatism coefficients change if a 13-
polynomial expansion is considered. For example, b5
then contains contribution from a3 as well. The tip
and tilt coefficients by and b3 change further if poly-
nomials A (varying as cosf) and Ay; (varying as
sin ) are included in the expansion. Moreover, A4
also contributes to the coma coefficient bg, and A si-
milarly contributes to the coma coefficient b;. The
defocus coefficient b, does not change until the sec-
ondary spherical aberration polynomial Ay, is in-
cluded with its coefficient ags. Its inclusion also
affects the primary spherical aberration coefficient
b11. Thus, it is easy to see which, when, and by how
much the b; coefficients change, depending on the
number of polynomials used in the expansion.

We note that the mean value of the aberration
function is given by the annular piston coefficient
a1. However, the value of the corresponding Zernike
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Table 2. Annular Polynomials A;(p,0;¢) in Terms of
the Zernike Circle Polynomials Z;(p,0)"

Al = Zl

Az

(1 +€2)12Z,
(1+€2) 1/2Z3

= (1= (-V3eZ; + Zy)

= (1+e+e*)12Z;

Ae (1+e 4 et)12Zg

A7 = B_l[—2\/§€4Z3 + (1 + €2)Z7]

Ag = B [-2v2€*Zy + (1 + €2)Zg]

Ag = (1+€+ et +€8)712Z

Ay = (1+€ + e +8)712Z,

Ay = (1-€e2)2[VBe2(1 + €2)Z; - V15€%Z4 + Zq4]
B=(1-&)[(1+e)(1+4€> +¢*)|V2

Table 4. Nonzero Elements c;; of 11 x 11 Matrix C%Z
of the Zernike Circle Polynomials over an Annular Pupil
of Obscuration Ratio ¢, where ¢;; = ¢j;

C11 = 1
14 = V3e? = C41
Ci111 = _\/562(1 - 262) =C111
Cog = 1+€2 = C33
Cos = 2v/2€* = cgp = g7 = 013
cuy = 1-2€% + 4¢*
ca11 = V15€2(1-3€% +3e*) =cy14
Cs5 = 1+€2+€4 = Cgg
crr=1+€—Te* +9€® = cgg
cgo=1+€*+e'+e =cy19
C11.11 = 1- 4€2 =+ 2664 - 54€6 + 36€8

“Where € is the obscuration ratio of the annular pupil.

circle coefficient b; depends on the number of polyno-
mials used in the expansion, and it does not equal a;
and, therefore, does not represent the mean value.
An orthonormal annular coefficient (other than pis-
ton) represents the standard deviation of the corre-
sponding aberration term in the expansion, but a
Zernike circle coefficient generally does not. The var-
iance of the aberration function cannot be obtained
by summing the squares of the Zernike circle coeffi-
cients b;s (excluding the piston coefficient), The circle
coefficients b;s can be obtained from the b; or the q;
coefficients according to Eq. (22). They are consid-
ered in Section 7 for a Seidel aberration function.

5. Interferometer Setting Errors

The estimated wavefront obtained by using only the
first four polynomials represents the best-fit para-
bolic approximation of the aberration function in a
least-squares sense. In terms of the orthonormal an-
nular polynomials, it can be written as

W(x,y) = a1A1 + Clez + Cl3A3 + a4A4 (353)
=ay +2(1+€2)2a9x + 2(1 + €)1 2agy
+V3(1 - €)lay[-€2 + (202 - 1)). (35b)

Table 3. Nonzero Elements of 11 x 11 Conversion
Matrix M for Obtaining the Annular Polynomials
A;(p,0;¢) from the Zernike Circle Polynomials Z;(p,0)

In terms of the circle polynomials, it can be written

W(x.y) = b1Zy + boZy + b3Zs + by Zy (36a)

= by + 2bgx + 2bgy + V3by(2p% - 1). (36b)
In Egs. (35) and (36), we have omitted the arguments
of the annular and circle polynomials for simplicity.
Substituting for the b coefficients from Eqgs. (32), we
find that the coefﬁments of x, y, and p? representing
the tip, tilt, and defocus values obtained from the
Zernike coefﬁcients, respectively, are the same as
those obtained from the orthonormal coefficients.
The estimated piston from the Zernike expansion
of Eq (36b) 1s b, - \/7)4, which is the same as a; —
V3€2(1 - €2)la, from the orthonormal expansion of
Eq. (35b). Accordingly, the aberration function ob-
tained by subtracting the piston, tip, tilt, and defocus
values from the measured aberration function is in-
dependent of the nature of the polynomials used in
the expansion, so long as the nonorthogonal expan-
sion is in terms of only the first four circle polyno-
mials [as may be seen, for example, by comparing
Eqgs. (332)—(33d) with Egs. (32a)—(32d)]. In an inter-
ferometer, the tip and tilt represent the lateral errors
and defocus represents the longitudinal error in the
location of a point source illuminating an optical sur-
face under test from its center of curvature. These
four terms are generally removed from the aberra-

Table 5. Nonzero Elements d;; of 11 x 11 Matrix
C?F of the Zernike Circle Polynomials over an
Annular Pupil of Obscuration Ratio ¢

My =1

My = (1+€2)7V2 = My,

My =-V3&(1-¢)?
(1-e)t

(1 +€2 +€4)—1/2 :MGG
M73 = —2\/§€4371 = MSZ

My =(1+€)B = Mg

Mgy =(1+€+et + €)% =Myg
M1y = VBeX(1+€?)(1-e?)2
My 4 = —V15€%(1 - €2)72
M1 = (1-¢€%)72

=
([

dii=1

dos = (1+ €)1V =dy

dy = V3e?

dy = (1-2€ +e*)(1-¢€2)!
dss = (1+ € + )2 = dgg

drs = 2v2€* (14 €2)71/2 = dgy

dip = (1-€?)(1+4€® +e)/2(1 + €2)1/2 = dgg
doo = (14 € + € +€8)V2 =dyp 19

dig = -Vb6e%(1 - 2¢%)

dijg = \/ﬁé(l -€?)

diunn=(1 -€?)?

6494 APPLIED OPTICS / Vol. 49, No. 33 / 20 November 2010



tion function and the remaining function is given to
the optician to zero out from the optical surface by
polishing.

6. Wavefront Fitting

When an aberration function is expanded in terms of
the orthonormal polynomials, one or more polyno-
mial terms can be added or subtracted from the aber-
ration function without affecting the coefficients of
the other polynomials in the expansion. However,
that is generally not true with the Zernike expan-
sion. This is due to the fact that an expansion in
terms of the orthonormal polynomials gives a best
fit for each polynomial, but an expansion in terms
of the circle polynomials gives it for the whole set
in the expansion. The estimated or reconstructed
wavefront by the same number of corresponding
orthonormal or Zernike polynomials is the same. For
example, the four-polynomial aberration functions of
Eqgs. (35) and (36) are identically the same function.

Although the wavefront fit with a certain number
of circle polynomials is as good as the fit with a cor-
responding set of the orthonormal polynomials, there
are pitfalls in using the circle polynomials. Because
the circle polynomials are not orthogonal over the
noncircular pupil, the advantages of orthogonality
and aberration balancing are lost. Because they do
not represent the balanced classical aberrations for
a noncircular pupil, the Zernike coefficients b;s do
not have the physical significance of their orthonor-
mal counterparts. For example, the mean value of a
circle polynomial across a noncircular pupil is not
zero, the Zernike piston coefficient does not repre-
sent the mean value of the aberration, the other
Zernike coefficients do not represent the standard
deviation of the corresponding aberration terms,
and the variance of the aberration is not equal to
the sum of the squares of these other coefficients.
Moreover, the value of a Zernike coefficient generally
changes as the number of polynomials used in the ex-
pansion of an aberration function changes. Hence,
the circle polynomials are not appropriate for the
analysis of a noncircular wavefront. Of course, wave-
front fitting with the improperly calculated Zernike
coefficients b; by using Eq. (17) will be in error, as
demonstrated in Section 7 for a Seidel aberration
function.

7. Application: Annular and Zernike Circle Coefficients
of an Annular Seidel Aberration Function

Consider an annular pupil aberrated by a Seidel
aberration function given by

W(p,0;€) = A;pcos @ + Agp? + A,p?cos?d

+ A p?cosd +Agpt, e<p<l, (37)
where A;, Ay, A,, A., and A, represent the peak
values of distortion, field curvature, astigmatism,
coma, and spherical aberration, respectively. With-
out the explicit field dependence, distortion is

equivalent to a wavefront tilt, and field curvature

is equivalent to a wavefront defocus. The aberration
function when approximated by only four annular
polynomials can be written

Wi(p,0;€) = a1A1 + asAy + asy, (38)

where the expansion coefficients according to
Eq. (30) are given by

a1 = (14+€2) (244 +A,)/4+ (1+ € +e*)A,/3,
(39a)

as = (1+€)2A,/2 + (1 + e +€*)(1 +e2)71/24,/38,
(39b)

ay = (1-€2)(24, +A,)/4V3+(1-€*)A,/2V3.
(39c¢)

It should be evident that the coefficient a3 of the an-
nular polynomial A; varying as siné is zero. The
mean value of the estimated aberration function is
given by a;, and its variance is given by

2 _ 2 2
o = a5 +ay.

2 (40)

An expansion in terms of 11 annular polynomials can
be written

W(p, 0, €) = alAl + a2A2 + a4A4 + a6A6 + agAg

+ andi, (41)

where the coefficients a;, ay, and a4 are given by
Eqgs. (392)—-(39¢) and

1
= (1+e+eH)124,, 39d
@ =5 75 ) (390)
1-¢€2 /1 +4e2 +et)\1/2
= A 39
ag 6\/§ ( 1+€2 ) c) ( e)
(1-¢2)?
aj =——A,. 39f
NS R (391)

Again, it should be evident that the coefficients as,
ay, and ag of the polynomials A5, A;, and Ag, respec-
tively, varying as sin mé are zero. Moreover, the coef-
ficient @y of the polynomial A, varying as cos 30 is
also zero. The 11-polynomial expansion represents
the Seidel aberration function exactly. Its mean val-
ue is again a1, as given by Eq. (39a), and its variance
is given by

0% =ai+al+ak+ai+al;. (42)
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Next, we expand the Seidel aberration function
in terms of the circle polynomials. A four-polynomial
expansion can be obtained from Egs. (32) and (39) in
the form

W(p,0;€) = 012y + byZy + b4Z,, (43)

where
by = (24, +A,)/4+ [1-€2(1+€2)/2]A,/3, (44a)
by = as/(1+ €212, (44b)
by =au/(1-¢€). (44c)

The estimated aberration function in Eq. (43) is ex-
actly the same as that in Eq. (38), and the values of
piston, x tilt, and defocus are exactly the same as
those obtained from Egs. (392)—(39¢c). It should be
evident, however, that its mean value is not given
by b;. Moreover, because an expansion coefficient
does not represent the standard deviation of the cor-
respondmg aberratmn polynormal term, its variance
is not given by b3 + b2

From Egs. (33) and (39), an 11-polynomial expan-
sion can be written:

W(p, 9, €) = l;lZl + 82Z2 + B4Z4 + Z;GZG + IAJSZS

+ 611Z11» (45)
where
by = (24, +A,)/4+A,/3, (46a)
by =A,/2+A./3, (46D)
by = (244 +A,)/4V3+A,/2V3, (46¢)
bg =A,/26, (46d)
by =A./6V2, (46e)
b1 =A,/6V5. (46f)

As in the case of annular polynomials, the 11 circle
polynomials also represent the Seidel aberration
function exactly. The expansion coefficients can also
be obtained by inspection of the aberration function
and the form of the circle polynomials. Indeed, be-
cause of the form of the Seidel aberration function,
the circle coefficients are independent of the obscura-
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tion ratio €. Each b coefficient represents the value of
the corresponding a coefficient for € = 0. It is clear
that each of the three nonzero coefficients of the
four-polynomial expansion changes as the number
of polynomials is increased from 4 to 11. Hence, the
values of piston, x tilt, and defocus obtained from the
coefficients bq, by, and b, are incorrect. Again, the
mean value of the aberration function is not given
by b; and its variance is not given by the sum of
the squares of the other coefficients.

If we consider the first four polynomial terms as
representing the interferometer setting errors and
remove them from the aberration function, the resi-
dual aberration function from the annular expansion
is given by

Wra(p,0;€) = agAg + agAg +anAn. (47)

The same residual aberration function is obtained if
a four-polynomial Zernike expansion of Eq. (43) is
subtracted from the aberration function W(p,6;e€).
However, if the first four polynomials are subtracted
from the aberration function of Eq. (45), the residual
aberration function is given by

Wees (0, 65€) = beZs + bsZg + b11Z1;
= (A./2V6)Zs + (A, /6 V2)Zs

+ (A, /6 V5)Z1;. (48)

Because the 11-polynomial aberration functions of
Eqgs. (41) and (45) are equal to each other [and equal
to the Seidel aberration function of Eq. (37)], the dif-
ference between the residual aberration functions of
Eqgs. (48) and (47) is equal to the difference between
the interferometer setting errors given by Eq. (38) or
(43) and those given by Eq. (45). Accordingly, the dif-
ference or the error function consists of piston, tilt,
and defocus only. It is given by

et

AW Acp cos 6

1
Rb(P:0;€) = —E€(4+ €A, +

2
317
+e?A, 07, (49)

and is independent of the number J of the annular
and circle polynomials (e.g., 11, as above) used in
the expansion. Of course, piston does not affect the
peak-to-valley value or the variance of the aberration
function. If the interferometer setting errors ob-
tained from Eq. (45) are applied in the fabrication
and testing of an optical system with an annular pu-
pil, the difference function represents the polishing
error due to the use of the circle polynomials.

If we compare the annular coefficients of astigma-
tism, coma, and spherical aberration given by
Eqgs. (39d)—~(39f) with the corresponding Zernike coef-
ficients given by Eq. (46d)—(46f), we obtain



—=(1+€ +e)l/2 (50a)
6
1/2
o _ (g - >(”14j je) . (50b)
8 €
1 (1-€2)2 (50c)

Because the b; coefficients are independent of the
value of €, the variation of a ratio a;/b; with € repre-
sents the variation of an annular coefficient a;.
Now we consider the expansion of the Seidel aber-
ration function in terms of the circle polynomials by
assuming them to be orthogonal over the annulus.
This is what one does when defining a center of an
interferogram, drawing a unit circle around it, and
determining its circle coefficients. The aberration
function in this case can be written in the form

W(p, N ) = blZl + szg + b4Z4 + bﬁZg + bSZS
+ b1 211+ .., (51)

where, according to Eq. (17), the coefficients b; are
given by

1 27

b; = _e//Wp,,

They can also be obtained from Eq. (22), i.e., from the
annular or circle coefficients by using the matrix CZZ
or C%F given in Tables 4 and 5, respectively. The “i
correct” circle coefficients b; are given by

,0)pdpdd.  (52)

b, = ay, (53a)
by = (1+€%)1/2a, (53b)
by = ﬁ(l +€ +4€*) (24, +A,)
2\/_(1—i-€ +€* + 3eb)A,, (53c)
be = (1+ €+ €*)1/2aq, (53d)
bs = V2e'A, + 1 (1+e+et+994,, (53e)

62

bll = ?64(3512 - 1)(2Ad +Aa)

+——(1+¢€+e*-9eb + 36€®)A,,
6\/_( )

etc. These coefficients are incorrect in the sense that
they do not yield a least-squares fit of the aberration
function. Because an annular polynomial withn = m
has the same form as that for a corresponding circle
polynomial except for the normalization constant,
the coefficients b; and a; for such a polynomial are
also related to each other by the normalization con-
stant. Equations (53a), (63b), and (53d) represent
this fact for n = m =0, 1, 2, respectively. It is clear,
however, that the improperly calculated circle coeffi-
cients b; depend on the obscuration ratio of the pupil.
Evidently, they are different from the corresponding
b coefficients given by Eqs. (46). While the value of
the piston coefficient b; is equal to the true mean
value ai, the tilt coefficient b, is larger than a, by
a factor of (1 + €2)!/2 or 1.1180, and the coma coeffi-
cient bg is larger than ag by a factor of

(53f)

(1+e*+eh)l/2

or 1.1456 when € = 0.5. Moreover, the b coefficients of
some of the nonexistent higher-order aberrations are
not zero. For example, the coefficients bgy, b37, etc., of
the secondary and tertiary Zernike spherical aberra-
tions Zyg, Z37, etc., and b1g, b3, etc., of the secondary
and tertiary Zernike coma Z¢ and Z3, etc., are non-
zero. Thus, nonexistent aberrations are generated
when an aberration function is expanded improperly
in terms of the circle polynomials.

If we estimate the annular Seidel aberration func-
tion with only four-circle polynomials from Eq. (51),
we obtain

W(p, 0, €) = b]_Z]_ + b2Z2 —+ b4Z4. (54)
If we truncate the expansion in terms of the circle
polynomials in Eq. (51) to the first 11 circle polyno-
mials and remove the first four coefficients as inter-
ferometer setting errors, the residual aberration
function in this case is given by
Wras (p: 0;€) = beZg + bgZg + b11Z1;1. (55)
The tilt error is larger by a factor of (1+ €2)/2 or
1.1180, when € = 0.5, than its true value given by
as, and the defocus error given by b, can be compared
with its true value given by a, Because the 11-
polynomial aberration function from Eq. (51) is not
equal to the aberration function of Eq. (41), their dif-
ference does not consist of the difference in their in-
terferometer setting errors. For example, Eq. (53d)
indicates that there will be an astigmatism term
in the difference function. Thus, wrong polishing will
result if the aberration function of Eq. (55) is pro-
vided to the optician to zero out.
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Fig. 1. (Color online) Orthonormal annular coefficients a; and

Zernike circle coefficients b; for a four-polynomial expansion.

As a numerical example, we consider an annular
Seidel aberration function with A, =A; =A, =1,
A, =2,and A; = 3 in waves. As illustrated in Fig. 1,
the annular and circle coefficients of a four-
polynomial expansion differ from each other,
although they yield the same fit of the aberration
function. We note that, whereas the mean value ¢,
increases as € increases, the piston coefficient b;
decreases. However, the defocus coefficient a, de-
creases, but b, increases. Both tilt coefficients ag
and by increase. For an 11-polynomial expansion,
the first four annular coefficients remain the same,
but the circle coefficients become independent of €,
as in Egs. (46). Figure 2 shows the coefficient ratios
ag/bg (astigmatism), ag/bg (coma), and a1, /b1 (sphe-
rical) for an 11-polynomial expansion. We note that
the coefficient ag increases, a;; decreases, and ag is
nearly constant for small values of € and then
decreases as € increases. Figure 3 shows how the b
coefficients change as we change the number of poly-
nomials from 4 to 11 for € = 0.5. A wrong polishing
will result if the tip, tilt, and focus errors of an
interferometer setting are estimated from the 11-
circle-polynomial expansion, instead of the four.
The variation of standard deviation obtained from
the coefficients of a 4- or 11-polynomial expansion

18 :
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Fig. 2. (Color online) Ratio of the ortbonormal annular co-
efficients a; and Zernike circle coefficients b; for an 11-polynomial
expansion.
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Fig. 3. Orthonormal annular coefficients a; and Zernike circle
coefficients b;, illustrating how the latter change as the number
of polynomials changes from 4 to 11.

is shown in Fig. 4, illustrating that the circle coeffi-
cients yield incorrect results. The standard deviation
obtained from the orthonormal coefficients increases
slowly with €, starting at 1.7460 and 1.7877 for the 4-
and 11-polynomial expansions, respectively. How-
ever, the standard deviation obtained from the circle
coefficients is correct only when € = 0. It increases
rapidly with € for the 4-polynomial expansion, but
it is constant for the 11-polynomial expansion, indi-
cating its incorrect nature. The sigma values from
the orthonormal and the circle coefficients are nearly
equal to each other for € < 0.5 because of the very
slow increase of the orthonormal sigma.

Figure 5 shows the contours of the Seidel aberration
function for a circular and an annular pupil with ob-
scuration ratio ofe = 0.5. The case of a circular pupil is
included just for reference. The dark circular region in
Fig. 5(b) (and others) represents the obscuration. The
contours of the annular Seidel aberration function fit
with only four polynomials, asin Eq. (38) or (43) and in
Eq. (54), are shown in Figs. 6(a) and 6(b), respectively.
The two figures look similar, but are not the same.
Only Fig. 6(a) represents the least-squares and, there-
fore, the correct fit. The contours of the residual
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Fig. 4. (Color online) Standard deviation as obtained from the
orthonormal annular coefficients a; and Zernike circle coefficients

b; of a 4- and 11-polynomial expansion.
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Fig. 8. Contours of the difference or the error function (a) Eq. (49) and (b) obtained by subtracting Eq. (47) from Eq. (55).

aberration function when the first four (of the 11)
polynomials are removed as interferometer setting
errors, as in Eqgs. (47), (48), and (55), are shown in
Figs. 7(a)-T7(c), respectively. All of the three figures
are different from each other, as expected. Only
Fig. 7(a) reflects removal of the correct interferometer
setting errors, and thus the correct residual aberra-
tion function. The contours of the difference of the re-
sidual functions using the circle polynomials from the
one using the annular polynomials given by Eq. (49)
and by subtracting Eq. (47) from Eq. (55) are shown in
Figs. 8(a) and 8(b). They represent the error functions
due to removal of incorrect interferometer setting
errors.

8. Aberration Coefficients From Discrete
Wavefront Data

When an aberration function is known only at a dis-
crete set of points, as in a digitized interferogram, the
integral for determining the aberration coefficients
reduces to a sum and the orthonormal coefficients
thus obtained may be in error due to the lack of
orthogonality of the polynomials over the discrete
points of the aberration data set. The magnitude
of the error decreases as the number of points distrib-
uted uniformly across an interferogram increases.
This is not a serious problem when the wavefront
errors are determined by, say, the phase-shifting in-
terferometry, since the number of points can be very
large [10]. However, when the number of data points
is small, or the pupil is irregular in shape due to vig-
netting, then ray tracing or testing of the system
yields wavefront error data at an array of points
across a region for which the closed-form ortho-
normal polynomials are not available. In such cases,
we can determine the coefficients of an expansion in
terms of the numerical polynomials that are orthogo-
nal over the data set, obtained by the Gram—Schmidt
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orthogonalization process [11]. However, if we just
want to determine the values of tip/tilt and de-
focus terms, yielding the errors in the interferom-
eter settings, they can be obtained by least-squares
fitting the aberration function data with only
these terms.

9. Discussion and Conclusions

After abriefreview of the theory of expansion of a non-
circular aberration function in terms of the polyno-
mials that are orthonormal over the domain of the
function and in terms of the Zernike circle polyno-
mials, an annular wavefront is considered. It is shown
that, whereas the orthonormal annular expansion
coefficients are independent of the number of polyno-
mials used in the expansion, the circle coefficients
generally change as the number of polynomials
changes. In fact, it is easy to see which coefficients
change and by how much. Accordingly, one or more an-
nular polynomials can be added to or subtracted from
the aberration function without affecting the coeffi-
cients of the other polynomials. Moreover, unlike
the annular coefficients, the piston circle coefficient
does not represent the mean value of the aberration
function, and the sum of the squares of the other coef-
ficients does not yield its variance. However, since
each annular polynomial of a certain order is a linear
combination of the circle polynomials of that and
lower orders, the wavefront fit with a certain num-
ber of annular polynomials is identically the same
as that with the corresponding circle polynomials.
Accordingly, the interferometer setting errors of tip,
tilt, and defocus are the same with a four-circle-
polynomial expansion as those from the annular-
polynomial expansion. However, incorrect setting
errors are obtained when, for example, obtained
from the corresponding coefficients of an 11-circle-
polynomial expansion. Consequently, when these



errors are removed from the aberration function,
wrong polishing will result by zeroing out the residual
aberration function.

These results are illustrated analytically as well as
numerically by considering an annular Seidel aberra-
tion function. Both the 4- and 11-polynomial expan-
sions in terms of the annular and circle polynomials
are considered, and their differences are discussed.
It is shown, for example, that whereas the nonzero an-
nular coefficients of an 11-polynomial expansion de-
pend on the obscuration ratio, the circle coefficients
are independent of it. While an expansion in terms
of any number of annular polynomials (larger than
the first four) yields the correct interferometer setting
errors, only a four-polynomial expansion in terms of
the circle polynomials yields their correct values.

For an annular wavefront shown in Fig. 5(b),
Figs. 6(a) and 7(a) represent the correct 4-polynomial
least-squares fit and the corresponding correct resi-
dual aberration function. The same results are
obtained whether the annular or the circle polyno-
mials are used in the fitting process. However, if 11
polynomials are used to estimate the aberration func-
tion and the first four are removed as interferometer
setting errors, then only the annular polynomials give
the correct residual aberration function. The residual
aberration functions shown in Figs. 7(b) and 7(c) ob-
tained respectively by using the circle polynomials in
a least-squares fit or assuming their orthogonality
over the annulus, are incorrect. The error functions
representing the difference between the correct and
the incorrect residual aberration functions are shown
in Figs. 8(a) and 8(b). These figures illustrate that,
while the correct interferometer setting errors can
be obtained by a 4-polynomial least-squares fit using
the annular or the circle polynomials, only the annu-
lar polynomials yield their correct values when ob-
tained by fitting with a larger number of polynomials.

If the common practice of defining the center of an
interferogram and drawing a unit circle around it is
followed, then the circle coefficients of a noncircular
interferogram do not yield a correct representation
of the aberration function. Moreover, in this case,
some of the higher-order coefficients of aberrations
that are nonexistent in the aberration function are
also nonzero. Finally, the circle coefficients, however
obtained, do not represent the coefficients of the
balanced aberrations for an annular pupil. Conse-
quently, it should be clear that the circle polynomials
are not suitable for the analysis of an annular wave-

front, and only the annular polynomials should be
used for such an analysis.

Although we have considered annular wavefronts
as an example of a noncircular wavefront, the results
obtained and illustrated for them are also applicable
to other noncircular wavefronts, such as hexagonal
or square.
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